We study impulse response in 1-D homogeneous micro-granular chains on a linear elastic substrate.
INTRODUCTION
The dynamics of ordered granular chains in the macro-scale is non-linear, and posses a rich plethora of tunable dynamic mechanical behaviors. In particular, the impulsive responses of un-compressed macrogranular chains composed of spherical elastic beads in contact are highly nonlinear, in fact, being characterized as 'sonic vacua' [1] due to absence of linear acoustics and vanishing speed of sound as defined in classical linear acoustics. In the macro-scale these highly discontinuous passive media support Nesterenko solitary waves [1] and have been applied to stress wave trapping and arrest [2, 3] , frequency banding and acoustic filtering [4] , dynamics and acoustics that are tunable with energy [1, 5] , nonlinear acoustic lensing [6, 7] , and nonlinear stress wave tailoring [8] [9] [10] . The strongly nonlinear nature of macroscale Hertzian interactions stems from two types of nonlinearities: first, the non-linearizable Hertzian interaction law between elastic particles in contact [11] , and second, the possibility of loss of contact in the absence of compressive forces and ensuing collisions between particles rendering the constitutive law non-smooth. Both these non-linear effects pose significant challenges to the analytical study of the dynamics and acoustics of these media, and prevent the application of commonly used techniques based on linearized approaches, homogenization, and classic asymptotic analysis.
Considering granular media in the micro-or nano scale, it is expected that the physics governing their dynamics and acoustics will be altered, which to our knowledge, has not been studied previously. At these small scales, in addition to Hertzian-like interactions which govern the compressive regime, nonnegligible attractive surface forces, known as van der Waals forces, are known to change the overall force-deformation contact law and introduce additional strong nonlinearities, including snapping to and away-from contact and adhesion hysteresis [12] [13] [14] . Yet, the study of the nonlinear response of ordered granular chains in the micro-scale is still in its infancy. In their pioneering work, Boechler and co-workers observed "avoided crossings" in the dispersion relations between local microsphere resonances and substrate Rayleigh waves in micro-granular lattices. This was accomplished by studying the contact resonances of a 2-D hexagonal close-packed monolayer of soft polystyrene microparticles interacting with long wavelength surface acoustic waves on a silicon substrate excited through laser-induced transient grating [10, 15] . However, in that work the observed behavior was governed by the particles oscillating as individual resonators on an elastic substrate, rather than in terms of waves propagating through the micro-granular medium and governed by interactions between neighboring microparticles. Accordingly, loss of contact between adjacent microparticles was not considered.
In this study we consider longitudinal wave propagation in an impulsively forced finite 1-D micro-granular 'stiff' chain composed of linearly elastic spherical beads laying on a 'soft' tunable elastic substrate, and take into account the possibility of loss of contact between neighboring beads, as well as adhesion induced hysteresis due the micro-scale effect. We find that the classical Nesterenko solitary pulse [1] propagating with no dispersion seen in the macro-scale, quickly disintegrates in the micro-scale, and that phenomena such as local clustering and energy transfers from low-to-high frequencies emerge and drastically alter the effective properties of the micro-granular medium compared to equivalent macrogranular ones. We study in detail the underlying nonlinear dynamics and their relationship to the changes in effective material properties of this medium, as well as the robustness and tunability with energy (impulse intensity) of these phenomena. Due to the strongly nonlinear nature of this system and our interest in the long-time dynamics, our study is performed computationally.
II. MODEL AND GOVERNING EQUATIONS
We consider the transient impulsive responses of one-dimensional micro-granular chains, to study the nonlinear dynamics and observe changes in behavior compared to an equivalent system in the macroscale. The micro-granular chain [cf. Fig 1(a) ] is composed of N identical spherical ceramic (Alumina) beads of 2.5 m m diameter subject to impulse excitation. The chain is bounded by fixed spherical beads of the same diameter. An ideal impulse is applied to the first bead and each bead is modeled as a point mass interacting nonlinearly with its neighbors [1] , supported by an elastic substrate modeled as an elastic foundation. We note that this is considered to represent the effect of the chain's interaction with any supporting or confining surface. We represent the foundation stiffness by a tensioned thin wire, which, because of its geometry and kinematics, has both linear and cubic terms, and could enable in the future the tuning of the support stiffness. The inter-bead interaction is modeled by the Schwarz contact model, which considers the influence of short range as well as long range attractive forces both inside and outside the actual contact area [12] . The model captures the popular JKR (soft-high adhesion interactions) [13] and DMT (hard interactions) [14] theories, and describes the hysteretic interactions in the intermediate contact regime through an analytical expression relating the force between micro-beads, F m , to the deformation of the center distance between adjacent beads, δ , as depicted in Fig.1(b) , and defined through Eqs. (1) and (2) below,
where a is the contact radius of the interacting beads, for a variety of ordinary common materials, and this value has been experimentally proven to be accurate within 10-20% [18] .
The hysteretic nature of this interaction is shown in Fig.1 that the damping coefficient is non-zero only in the contact regime [ Fig. 1(a) ]. Note that viscous damping has been proven to provide a good approximation to granular dissipative dynamics [20] [21] [22] . We emphasize again that the natural equilibria of the beads in an unsupported micro-granular chain is a state of compression due to the attractive forces; this initial state of compression, however, can be counterbalanced by the forces provided by the elastic substrates of the beads. Hence, in this model the fixed boundary conditions and elastic substrate keeps the beads in an un-deformed initial state, but as a consequence, finite pre-stored potential energy is 'deposited' in the elastic foundation of the microgranular chain. As described above, the forces provided by the elastic substrate are due to deformations of taut elastic micro-wires supporting each of the micro-beads, providing a restoring force equal to,
where s F is the force acting on the beads from the wires [23] , i x the bead displacement [cf. Fig. 1 1 
and the cubic term is safely neglected. Moreover, the grounding is chosen to be much 'softer' compared to the 'stiffer' inter bead dynamics described in Eq. (1) and (2) 
., 
III. RESULTS AND MICRO SCALE EFFECTS
In Fig. 2 (a, b) we depict the spatiotemporal evolution of the instantaneous kinetic energies of impulsively scaled geometrically with the bead size, d , whereas the initial substrate pretension is adjusted so that 1 K is non-dimensionally equivalent for the systems to ensure that it introduces same-scale soft dynamics relative to the stiffer inter-bead dynamics; the damping coefficient C + is also scaled similarly. For reference the stiffness and damping ratios for the two systems are tabulated in Table I , together with the corresponding normalized coefficients used in Eq. (6) . The applied wire tensions s T are tabulated in Table II , and for reference, the maximum uniaxial tensile stress of the wire material is shown. The formation of temporary clusters in the micro-granular chain is a scale-effect phenomenon, and alters the system response compared to the macroscale. The contact model indicates that there can be no energy transfer between neighboring clusters until cluster disintegration and re-clustering takes place, causing spatial redistribution of energy in the newly formed clusters. Fig. 2(c) shows the evolution of the total kinetic energies in the two chains normalized by the impulse energy. As it becomes apparent from Fig. 2(b, c) , cluster disintegration and reformation rate is related to the kinetic energy evolution, and continues until the beads within clusters do not have sufficient energy to escape and join neighboring clusters. There is notably faster dissipation of kinetic energy in the micro-granular chain, indicating an increase in effective dissipation. In the case of micro-beads the normalized kinetic energy is observed to increase beyond its initial value as stored strain energy is released and converted into kinetic energy during clustering events. Interestingly, even with this influx of energy into the system, the total kinetic energy in the system decays faster compared to the macro-bead system.
To explain this result, the effective dissipation in the system is assessed quantitatively.
Dissipation measures in linear materials, such as tan ∆ , have been defined to study steady state inherent dissipation under harmonic excitation, where ∆ is the phase between stress and strain in steady state harmonic vibration [24] . 
where • denotes a smooth cubic spline fit, and • the mean of the cubic spline interpolants of the envelopes of the minima and maxima of the instantaneous kinetic energy in time. Fig. 2(b) , we note that increases in effective damping correspond to clustering and re-clustering events following the disintegration of the initial Nesterenko solitary pulse. We observe that a consistent feature in the considered cases is that the increase in effective damping coincides with for the rapid decrease in kinetic energy in Fig.2(c) . Importantly, the final stored energy of the system is less than the initial stored energy, indicating dissipation of initial potential and kinetic energy owing to the unique transient nonlinear dynamics. As shown below, these phenomena are robust and observed over a range of impulse energies and substrate stiffness.
IV. MECHANISMS OF ENERGY DISSIPATION IN MICROGRANULAR CHAINS
We now study in detail the different mechanisms responsible for the observed enhanced effective damping in the microscale, and correlate them to the transient nonlinear dynamics of the micro-granular chain. The salient feature of the micro-granular chain is the temporary clustering, cluster disintegration, and re-clustering of the micro-beads. In particular, re-clustering events give rise to relatively high frequency relative oscillations of the compressed beads inside early transient clusters, causing increased dissipation within the clusters due to viscoelastic interactions between beads. Moreover, effective damping is further enhanced by the hysteretic loop illustrated in Fig. 1(b) which becomes profound at the instants of cluster formation, escape and re-clustering. This explains the sudden jumps in the normalized energy and effective damping dissipation measures of Figs. 2(c, d) . On the contrary, these two dissipative effects are absent in the macro-granular chain where impulsive energy is transferred by the (near-zero frequency) Nesterenko solitary pulse and no clustering occurs (due to the absence of attractive forces), so the corresponding effective dissipation measure is smaller and slowly varying. Below we discuss these dynamical phenomena in more detail.
A. Linearized dynamics within clusters
The formation, disintegration and re-formation of local clusters in the micro-granular chain of Fig. 2(b) are reconsidered in Fig. 3(a) with dashed boxes representing clusters defined by temporary loss of contact between micro-beads. The resulting energy localization at the clusters is clear in Fig. 3 (a) where propagating pulses can be seen reflecting within cluster boundaries and energy is localized away from beads 1-10 after about 1.6 characteristic periods (a characteristic period is defined as twice the duration of the Nesterenko primary pulse). Given that beads within a cluster are in a condition of compression and that their oscillation amplitudes are sufficiently small, the dynamics inside a cluster can be studied by linearizing Eq. (6) around the natural equilibrium [denoted by the star in Fig. 1(b) ] and solving the resulting eigenvalue problem. Previous results on finite homogeneous macro-granular chains showed that, typically, most of the energy of propagating pulses can be captured by in the lowest frequency in-phase mode (standing wave) [25] . In Fig. 3 (b-e) we depict the wavelet transform spectra of the middle beads of transient clusters I through IV of Fig. 3(a) . Dashed horizontal lines in the same plots indicate the first (inphase) and second fundamental frequencies predicted analytically by linearization of the dynamics of the corresponding cluster, and superimposed to these are the wavelet transform spectra of the middle beads of each cluster.
The agreement between the wavelet spectra and the linearized predications for the fundamental modes of the clusters indicate that the dynamics within each transient cluster is almost linear due to the compression between micro-beads generated during cluster formation. As expected, the dynamics in higher energy clusters I, II and III deviate further from the linearized predicted modes than the dynamics in the low energy cluster IV. The slight difference in the low energy cluster IV is thought to be due to the neglected non-uniformity of strain in the elastic substrate. Fig. 4 shows the spatiotemporal variation of the amplitudes of relative velocities between neighboring beads after the impulse in the micro-granular chain has been applied. Note that within the persisting clusters II, III and IV the viscous damping mechanism is rather ineffective as it dissipates energy proportional to the small relative motion of beads in the in-phase mode; this agrees with the small values of the effective damping measure eff C for at low energies in Fig. 2(d) . On the contrary, a high re-clustering rate (leading to short-lived clusters) gives rise to relatively high relative velocities between neighboring beads and to corresponding high effective damping measures. Indeed, the time instants of high relative velocity amplitudes in Fig. 4 correlate to high re-clustering rate in Fig. 3(a) and high effective dissipation measure for the micro-granular chain in Fig. 2(d) . We note also the relatively high-frequency bead oscillations within the clusters (compared with the near-zero frequency solitary pulse propagation in the macro-granular system), and the fact that the temporarily linear dynamics within each cluster coexist with re-clustering phenomena occurring in other regions of the micro-granular chain. Similar linear analysis cannot be performed for highly transient clusters with lifetimes much shorter than the first fundamental period; only higher harmonics and inherently nonlinear sub-harmonics may be observed in these clusters and the effective particle approach does not apply.
(Figure 4)

B. Energy dissipation due to nonlinear re-clustering
In this section, we describe the cluster dynamics and its relation to the effective damping measure.
Considering the plot of Fig. 4 we note that unlike the linear dynamics within persisting (long-lived)
clusters, local increases in relative velocity occur close to 0.2 and 0.3 μs, and coincide with increase in density of re-clustering events as well as peaks in instantaneous kinetic energy [cf. Fig. 4 and 2(c) ].
Hence, during high-rate transient re-clustering, both hysteretic and viscous damping mechanisms are active. Accordingly, the increase in effective damping is a result of higher frequencies introduced through short duration transient re-clustering rather than long duration linearized dynamics within more stable clusters. Moreover, these transient high-frequency oscillations are amplified by the release of the pre-stored potential energy in the granular chain. While it can be argued that attractive micro-scale forces in effect amount to negative stiffness [note the snapping to and away from contact in Fig. 1(b) ] and can introduce unstable states in a system [26] [27] [28] [29] , in this case they are stabilized by boundary and elastic substrate forces. Hence, clustering events represent instantaneous dynamic balance between these effects.
These results indicate that micro-scale granular materials, supported by elastic substrates against agglomeration, posses significantly higher energy dissipation and effective damping than their macroscale counterparts owing to attractive surface forces. To quantitatively study this effect, the cumulative number of newly formed clusters is calculated, and its time derivative is plotted in Fig. 5 for the system of interest to represent the instantaneous re-clustering rate (See Appendix A for details). This measure of reclustering rate correlates to the re-clustering density depicted in Fig. 2(b) , and shows that high reclustering rates are categorically related to peaks in effective damping in this system. This will be discussed further below in light of the important issue of robustness of these nonlinear phenomena for changes of the stiffness of the elastic substrate and the intensity of the applied impulse. We note that slightly negative re-clustering rates in Fig. 5 are artifacts of the smoothing algorithm, and, hence, are nonphysical.
(Figure 5)
V. ROBUSTNESS FOR VARYING STIFFNESS AND IMPULSE ENERGIES
The nonlinear phenomena described in the previous section exist and are robust over a range of impulse energies and substrate stiffness. Fig. 6(a, b) depicts the spatiotemporal kinetic energy distribution and effective damping coefficients for four cases (see Appendix B for more test cases). The effective damping measure is consistently observed to increase rapidly following the disintegration of the initial Nesterenko solitary pulse and decrease once the clusters have become persistent. The previously discussed relationship between re-clustering rates and peaks in effective damping is observed to be robust even for delayed peaks in effective damping-for example, the lowest two impulse energies with 1 
4.6Nm
− substrate stiffness (Fig. B3 in Appendix B). We note that elevated re-clustering rates only indicates the occurrence of effective damping maxima and doesn't necessarily correlate to the instantaneous value of effective damping. Transient energy localization in the micro-granular chain is also observed to be robust and be realized over a broad range of parameters (see also Fig. B1 ). However, due to the highly nonlinear nature of the dynamics it is not possible to predict or control precisely where or when clustering and energy localization occur.
(Figure 6)
The elastic substrate stiffness plays an important role in the dynamics despite it being much "softer" compared to the 'stiffer' bead-bead dynamics. The nominal clusters sizes are tunable through the substrate stiffness. Beads within a cluster tend to agglomerate and become compressed due to attractive forces, while the elastic substrate provide restoring forces. This dynamic interplay between the bead-bead and bead-substrate interactions tunes the maximum allowable cluster size, and, as a result, a higher number of relatively smaller clusters due to stiffer substrate enhances localization as is evidenced by the abundance of localization for stiffer substrates in Fig. B1 . Notably, in macro-scale granular materials, no such clustering is possible; energy localization in one-dimensional granular chains can only be produced by intruders of variable diameters [30, 31] or by granular containers [32] .
VI. CORRELATION BETWEEN RE-CLUSTERING RATE AND EFFECTIVE DAMPING
To study the relation between the re-clustering rate and the effective damping measure for a wide range of substrate stiffness and impulse intensities we performed a series of simulations. For each case we varies according to the number of data points. We note however the existence of a consistently positive slope for different sized data sets, which implies that there is, in fact, a significant positive correlation between the maximum effective damping and its corresponding re-clustering rate over the range of impulse energies and substrate stiffnesses considered. We further add that this trend is also continued if the second highest effective damping segments are included, however, this introduces several outlying points that are more than two standard deviations away from the line of best fit and can be traced back to emergence of numerical artifacts from the discretization algorithm. formation and re-formation increase the effective dissipation for a wide range of system stiffness and impulse energies. Clustering in micro-granular chains can be considered as analogous to release of prestored potential energy in materials with negative stiffness inclusions due to transitions from local buckling states (or 'phase transformation') of the inclusions, causing similar increase in damping (as measured by tan ∆ ) in these materials [26] [27] [28] [29] . In this study, however, this potential energy release occurs in a transient dynamic context, and in a metamaterial system that combines Hertz-like granular interactions and hysteretic adhesive effects. The new phenomena discussed are shown to be robust and are predicted to exist over a wide range of physically feasible conditions. Furthermore, peaks in effective damping are proven to be related to high re-clustering rates on, both, an instantaneous case-by-case basis as well as a more universal correlation over a range of impulse energies and substrate stiffnesses. By inspection, maxima in effective damping coincide with steepening of the slope of cumulative number of clusters, therefore we are only concerned with maxima of the discretized effective damping curve and we choose the segment with the maximum discretized effective damping and its corresponding discretized re-clustering rate to represent its respective case as a single data point (circle) in Fig. 7 . Re-clustering rate plotted against time for the micro-granular chain depicted in Fig. 2 (a,  c, d) ; increases in re-clustering rate are observed to coincide with increases in effective damping coefficient ( ) eff C t in Fig. 2(d) . 
